Systematic and consistent microscopic description of measured reaction cross sections at low projectile energies is presented. Finite-range Glauber model (GM-F) along with the Coulomb modification is used. The required inputs, namely the neutron and proton density distributions of the relevant projectiles and the targets, are calculated in the relativistic mean field framework. The GM-F reproduces the experiment well. At high projectile energies both the GM-F and the zero-range Glauber model in the optical limit (GM-Z) yield almost identical results; however, the GM-F in general is superior at low projectile energies, as expected.
I. INTRODUCTION
The most important current research activity in nuclear physics is devoted to the production and study of highly neutron-or proton-rich unstable nuclei. The existing radioactive ion beam (RIB) facilities help to produce, identify, separate, accelerate, and then use the beams of these radioactive nuclei as projectiles in further experimentation. The initial RIB experiments [1, 2] measured the total reaction cross sections σ R for high (∼800A MeV) projectile energies. The root mean squared (rms) matter/neutron radii of the radioactive nuclei have been subsequently extracted from the corresponding measured reaction cross sections, within the Glauber model [3] . The zero-range Glauber model in the optical limit (GM-Z) used [1, 2] for this purpose was adequate at such high energies. The rms radii of several light neutron-rich nuclei of the p and sd shells have been subsequently extracted. A large neutron skin thickness, caused by excess neutrons at the nuclear surface, was indicated in several neutron-rich nuclei, 6, 8 He and 20 N to mention a few. Further, the very discovery of neutron halos has been due to the sudden increase in the reaction cross sections and the subsequent study of the extracted radii [1] . However, such an extraction of the rms radii from the measured reaction cross sections, unfortunately, is model dependent. We would like to stress that it is more opportune to compute and compare directly the cross sections σ R which are measured quantities rather than emphasize the comparison of extracted quantities such as rms radii. This view we intend to follow here.
The low energy σ R measurements, now gradually being reported [4] [5] [6] [7] [8] [9] , complement the corresponding available high energy σ R data. Because of the increase in the nucleon-nucleon interaction cross section at low energies, these measured σ R are expected to be more sensitive to the nuclear matter distribution in the tail region of the nucleus. However, the GM-Z needs to be modified to include the finite-range and Coulomb effects, which now become important at low energies. To supplement the GM-Z analysis at high energies, a finite-range Glauber model (GM-F) analysis has been carried out for recently * Electronic address: yogy@phy.iitb.ac.in measured reaction cross sections with low projectile energies of neutron-rich p and sd shell nuclei and the neutron-deficient isotopes of Ga, Ge, As, Se, and Br of the pf shell.
The present analysis proceeds in two steps. First the ground state properties such as binding energies, deformations, sizes (radii), and densities are calculated in the well tested and most reliable relativistic mean field (RMF) framework [10] [11] [12] [13] [14] [15] . The RMF neutron and proton density distributions of the relevant projectiles and the targets required as input are then used in GM-F calculations of σ R . The GM-F calculations reproduce the experiment well. The difference between the calculated GM-F and GM-Z values of σ R decreases with the increase in the projectile energy, and eventually at higher energies (above ∼300A MeV) GM-F and GM-Z yield almost identical results close to the corresponding experimental values, as expected. At lower energies, GM-F is clearly superior and agrees relatively better with the experiment.
Section II outlines the essentials of the calculation of the nuclear ground state properties in the relativistic mean field (RMF)/Relativistic Hartree-Bogoliubov (RHB) formulation. The explicit expressions for the reaction cross sections within the Glauber model are presented in the Sec. III. Section IV contains details of the numerical calculations of σ R , results, and discussions. Conclusions are presented in Sec. V.
The present version of the RMF theory, essentially based on the Walecka model [10] , starts with a Lagrangian describing the Dirac spinor nucleons interacting via the electromagnetic (e.m.) and meson fields. The mesons considered are the scalar σ , vector ω, and isovector vector ρ. The Lagrangian consists of free baryon and meson terms and the interaction terms. Many versions of such a Lagrangian are available. We use the standard nonlinear (σ, ω, ρ) interaction Lagrangian developed for and widely used in nuclear structure applications. The variational principle yields the equations of motion. In the mean field approximation, replacing the fields by their expectation values, one ends up with a set of coupled equations:
(i) The Dirac equation with potential terms involving meson and e.m. fields describing the nucleon dynamics.
(ii) A set of Klein-Gordon type equations with sources involving nucleonic currents and densities for mesons and the photon.
This set of equations, known as RMF equations, are to be solved self-consistently. The pairing correlations, essential for the description of open shell nuclei, can be incorporated either by simple BCS prescription or self-consistently through Bogoliubov transformation. The latter leads to the relativistic Hartree Bogoliubov (RHB) equations [13] [14] [15] . The RHB equations have two distinct parts: The self-consistent field h D that describes the long-range particle-hole correlations and the pairing fieldˆ that accounts for the correlations in the particle-particle (pp) channel. The Dirac type field h D involves the nucleon mass, the scalar field σ , and the Lorentz timelike components of the vector and the isovector vector meson fields ω o and ρ o 3 in addition to the usual e.m. field A o . These fields are to be determined self-consistently from the Klein-Gordon (KG) equations [13] with sources (nuclear currents and densities) involving super spinors (U, V ). The pairing fieldˆ is expressed in terms of the matrix elements of the two-body nuclear potential V pp in the pp channel and the pairing tensor involving the super spinors (U, V ). In the case of the constant gap,ˆ (≡ ) becomes diagonal and decouples into a set of diagonal matrices resulting in the BCS type expressions for the occupation probabilities. As a result, the RHB equations reduce to the RMF equations with constant gap .
The explicit calculations require the following input information:
(i) Parameters appearing in the RMF Lagrangian.
(ii) V pp or the pairing gap parameters for the calculation of occupancies.
Several sets of these parameters appearing in the Lagrangian are available in the literature [13, [16] [17] [18] . In the present work, we use one of the recent and most successful Lagrangian parameter sets, NL3 [16] .
Reliable and satisfactory derivation of V pp is not yet achieved in RMF (see Refs. [13, 14] ). Therefore, in practical calculations, it is customary to adopt a phenomenological approach while solving the RHB equations. As a result, one often uses for V pp the finite-range Gogny-D1S [19, 20] interaction, which is known to have the right content of pairing.
The neutron and proton gaps are adjusted so as to reproduce the neutron and proton pairing energies obtained while solving the RHB equations in the isotropic oscillator basis using the Gogny-D1S interaction.
For odd-A nuclei, the last odd nucleon does not have a partner to occupy its time-reversed state. As a result, the mean field ground state wave function does not have time-reversal symmetry. For this purpose, we follow the tagged Hartree-Fock procedure, satisfactorily used in the nonrelativistic calculations. Similar procedure has been adopted for odd-odd nuclei.
The explicit calculations have been carried out for the relevant nuclei (projectiles and targets) appearing in the measured σ R data analyzed here.
The RMF/RHB calculations reproduce the experiment rather well as expected. The experimental binding energies [21] are reproduced within ∼0.25%. The deformation parameters β agree with the experiment (where available) and in general closely match with the corresponding Möller and Nix (MN) values [22] . At some places, the RMF β has the opposite sign than that of MN. However, at these very places, there appears another solution at a small ( 0.5 MeV) excitation with β having the same sign as and value close to that of MN. The calculated charge radii differ from their corresponding experimental values (where available) [23] [24] [25] [26] [27] only at the second decimal place of a fermi. These observations are now standard and well established (see, for example, Refs. [28, 29] ). We do not intend to present and discuss further the calculated ground state properties. As remarked before, it is more opportune to compute and compare directly the cross sections σ R which are measured quantities rather than the extracted rms matter or neutron radii. Therefore, with this view in mind, we now concentrate on the calculation and discussion of σ R and its comparison with the experiment.
III. GLAUBER MODEL: REACTION CROSS SECTIONS
The zero-range Glauber model (GM-Z) in the optical limit is adequate [1, 2] for high projectile energies. For the case of smaller projectile energies, this GM-Z is required to be modified [30, 31] to the finite-range Glauber model (GM-F). The modifications are twofold:
(i) The finite range effects in the profile function.
(ii) Coulomb modified trajectories.
Within the finite-range approximation, the transparency function is written as
Here, the summation indices i and j run over neutrons and protons for both the target and the projectile. The subscript T (P ) refers to target (projectile) andρ(s) is the z-direction integrated nucleon density distribution expressed as
with s 2 = (x 2 + y 2 ). The profile function ij is given by [30, 31] 
with the requirement that its norm should be σ ij . In this expression,
b is the impact parameter and s and t are dummy variables for integration over the z-integrated target and projectile densities.
The range parameter β reads [31] 
where E is the projectile energy. This range parameter is obtained phenomenologically, for example, by fitting the observed 12 C on 12 C cross sections from 30A MeV to 1A GeV energies. The nucleon-nucleon cross section σ ij is taken either from the experiment or from some empirical fit to the experimental nucleon-nucleon cross sections (see, for example, Ref. [32] ). In this work, we have taken the σ ij from Ref. [32] .
Especially for the lower energies, apart from the finiterange effect, another important aspect must be considered: The Coulomb effects. The straight line trajectories assumed in the Glauber model get distorted since the Coulomb force becomes significant at lower energies. This effect can be incorporated into the Glauber model through the classical perihelion. Under this assumption, the Coulomb modified impact parameter b can be written as [33] 
where η is the usual Sommerfeld parameter and k is the wave number of projectile. With this correction, the total reaction cross section σ R , defined as the total cross section for change in the mass number of the projectile, is expressed as
Replacing the nucleon profile function [Eq. (3)] by δ function times the nucleon-nucleon cross section σ ij (zero range limit), the transparency function T (b) reduces to
The expression for the total reaction cross section σ R in the zero-range limit (GM-Z) is identical to Eq. (7), with T (b) given by Eq. (8). In the limit of high projectile energies, the expression for σ R [Eq. (7)] reduces to
where T (b) is the transparency function [Eq. (8)] at impact parameter b.
IV. CALCULATIONS, RESULTS, AND DISCUSSION
The Glauber calculations for the cross sections require both the target and the projectile density distributions. All the projectile densities are obtained in the RMF framework. In the case of the deformed densities, the L = 0 component (spherical) is projected out and then renormalized, separately for the protons and the neutrons. The resulting nucleon density distributions closely agree with the experiment (where available). The density of the 12 C target has been taken from an earlier work [34] . The densities of the remaining targets have been obtained through the RMF/RHB calculations. The Glauber model calculations also require an additional phenomenological parameter: the ratio of the experimental free nucleon-nucleon cross section to the in-medium nucleonnucleon cross section. This means that the in-medium nucleonnucleon cross section may be less than its free value. This is reasonable, since the medium poses additional restrictions due to complicated effects like Pauli blocking and Fermi motion. In almost all the Glauber model analyses, this parameter is assumed to have the fixed value of 0.8 [1] .
To reaffirm the necessity to use the finite-range Glauber model with Coulomb corrections for the calculation of the reaction cross section at low projectile energies, we present the calculated σ R for 8 B, 12 C, and 16 C projectiles incident on the 12 C target in Fig. 1 . The σ R obtained by using the finite (zero) range Glauber model with Coulomb corrections, in the optical limit, are labeled by GM-F (GM-Z). The corresponding experimental values (Expt.) [31, 35, 36] are also included for comparison. It turns out that the GM-F results are consistently larger than the corresponding GM-Z values by about ∼15% at very low energies. The difference between GM-F and GM-Z values decreases with the increase in the projectile energy, and eventually at higher energies (above 300A MeV) both GM-F and GM-Z yield almost identical results close to the corresponding experimental values, as expected. At lower energies GM-F is clearly superior and agrees relatively better with the experiment. We now present and discuss the reaction cross sections σ R at low projectile energies.
A. σ R for 12 C as target or projectile
The results for σ R for the 12 C projectile incident on stable targets 40 Ca, 90 Zr, and 208 Pb are displayed in Fig. 2 along with the corresponding so-called experimental values deduced [37] from the experimentally measured elastic scattering cross sections using the optical model. For the case of the 40 Ca target, the GM-F results are in excellent agreement with the experiment. The situation, however, is not so conclusive for heavy targets 90 Zr and 208 Pb where the GM-F overestimates σ R . A similar trend is noticed for heavy projectiles (neutrondeficient nuclei in pf shell) on 28 Si target. A possible reason for this behavior could be the use of the same range parameter as determined phenomenologically by fitting the observed 12 C-12 C data. This parameter may have a different value for heavy projectile/targets. We do not intend to introduce additional parameters, and, therefore, we present and discuss the results involving light projectiles/targets.
Next, we discuss σ R for C, N, and O isotopes incident on the 12 C target (Fig. 3) . The projectile energies are explicitly indicated at relevant places in the figure. Notice that all the projectiles and targets involved are light nuclei. Inspection of the figure clearly reveals that the GM-F results in general are superior and closely agree with the experiment [7] . The situation is slightly nonconclusive for the 28A MeV 18 O projectile.
The reaction cross sections for 83A MeV 12 C projectile incident on stable Fe and Zn isotopes have been reported earlier [38] . The measured σ R has large uncertainties. The calculated σ R along with the corresponding experimental values [38] are plotted in Fig. 4 . The calculation gives good account of the experiment. However, due to the large uncertainties in the measured σ R the conclusive superiority of GM-F is not clearly reflected. 
B. σ R with 28 Si Target
Recently, the reaction cross sections σ R for He, Li, and Be isotopes [6, 8] and neutron-deficient isotopes of pf shell nuclei (Ga, Ge, As, Se, and Br) [9] as low energy ( 60A MeV) projectiles incident on 28 Si target have been reported. Note that no corresponding low energy data exist involving the 12 C target. However, the corresponding high energy ( 600A MeV) data exist, and they have been successfully described by GM-Z.
We now analyze the results for He, Li, and Be isotopes, the light mass p and sd shell nuclei as projectiles, incident on 28 Si target. The ground state properties of He, Li, and Be isotopes and 28 Si are well reproduced. Two sets of RMF calculations have been carried out for 11 Li. In the first, the last pair of neutrons occupy the 1p 1/2 orbit, while in the second this pair is confined to the 2s 1/2 orbit. Though the former is the lowest energy solution, its calculated energy differs from the experimental energy by about 8 MeV, while the latter reproduces the experiment within 0.8 MeV. The calculated rms neutron (mass) radius changes from 2.86 (2.70) to 3.54 (3.22) fm. The corresponding extracted [1] neutron (mass) radius is 3.36 ± 0.24 (3.27 ± 0.24) fm. The calculated σ R increases by ∼20%. It is expected that the actual ground state of 11 change with the addition of neutrons. The neutron density distributions are shown in Figs. 5-7 for He, Li, and Be isotopes, respectively. The figures reveal a two-neutron halo structure for 6 He, 11 Li, and 14 Be, while 8 He has four neutrons outside the 4 He core indicating a thick neutron skin.
14 Be can be regarded as having either a two-neutron halo with a 12 Be core or a thick neutron skin. 12 Be ( 11 Be) can be regarded as having a two (one) neutron halo with a 10 Be core or having a thick neutron skin. These observations are consistent with those of earlier RMF investigations. The reaction cross sections are shown in Figs. 8-10 , where a different convention is used. The measured cross sections [6] for He and Li isotopes have both horizontal (averaging over energy interval E) and vertical (uncertainties in the magnitude) error bars. Furthermore, the systematics of the measured σ R closely reflect the systematics of the corresponding calculated densities and radii and, in fact, are also consistent with analysis of the high energy data. The calculations qualitatively agree with the experiment. As before, the finite-range (GM-F) results are larger by ∼12% at very low (∼20A MeV) energies as compared to the corresponding zero-range (GM-Z) results, and the difference between GM-F and GM-Z values decreases with the increase in the projectile energy. The finite-range results on the average seem to agree relatively better with the experiment. However, a quantitative statement regarding the superiority of GM-F is not easy to ascertain.
Next, we consider the most recently reported [9] σ R for low energy (between 50 and 60A MeV) neutron-deficient Ga, Ge, As, Se, and Br isotopes incident on the 28 Si target. The results are presented in Fig. 11 . Overall, the calculations are in qualitative agreement with the experiment. It is to be noted that the experimental σ R have large uncertainties. This aspect hampers the discussion and the quantitative comparison between the calculation and the experiment. The GM-F values are larger than the corresponding GM-Z values by 10-15% and also are somewhat larger than the corresponding experimental values. The GM-F and GM-Z results for a given chain of isotopes show very little (few percents) increase with the addition of neutrons. This reflects a very little increase in the corresponding radii and is consistent with the systematics of the calculated radii. On the other hand, the experimental σ R show small variations with neutron number for a given set of isotopes. However, due to the large uncertainties in the measured σ R , the reliability and genuineness of these small variations may be in doubt. Therefore, more precise measurements of σ R are required before arriving at a definite conclusion. The GM-F overestimates the cross sections. A similar trend has been noticed in earlier discussion for heavier targets/projectiles. This overprediction may be attributed to the use of the value of the range parameter solely determined from the fit to the 12 C-12 C data. 
C. σ R with natural Cu target
Extensive measurements of nuclear reaction cross sections using the 4π -γ method for the secondary low energy projectiles having Z 10 and neutron excess up to N − Z = 13 on a natural Cu target have been reported earlier [4] . The reduced strong absorption radius has been deduced through the fit to the measured σ R using the empirical formula of Kox et al. [38] . For our analysis, we carry out σ R calculations for these projectiles incident on 63 Cu and 65 Cu targets separately. We then add the calculated σ R in the ratio of their natural abundance (69.17% and 30.83%, respectively [39] ). The resulting σ R can then be compared with the corresponding experimental values. The results for 4, 6 He projectiles are shown in Fig. 12 . The sudden increase in the measured σ R while moving from 4 He to 6 He is evident and consistent with the earlier observations. Clearly, the GM-F reproduces the experiment well. The odd experimental point for 52.47A MeV for 6 He is out of place. This is because σ R is expected to vary smoothly with energy. Similar results are shown in Fig. 13 for Li isotopes. We notice large uncertainties in the measurements at several places. Inspection of the figures reveals that the GM-F values successfully reproduce the corresponding experimental results, except for 11 Li for which there exists only one data point at 34.50A MeV. Surprisingly, its measured value of σ R does not show the expected sudden increase with respect to the measured σ R for 9 Li, thus contradicting the known halo structure of 11 Li. The calculated value of σ R indeed shows a sudden increase with the addition of two neutrons to 9 Li. More data are expected in the future for this and other cases, which then can be compared with our calculations.
Next values [4] . We notice large error bars at various places and very scanty experimental data for several projectiles. For example, a single measurement exists for 7, 14 Be, 10,17 B, 11, 12, 18, 19 C, and 13, 14, 15 N projectiles. This may hamper the quantitative discussions leading to specific conclusions. However, the sudden rise in σ R while going from 12 Be ( 10 Be) to 14 Be ( 12 Be) reflects the two-neutron-halo character of 14 Be ( 12 Be). Further, 11 Be can be viewed as a single-neutron halo with 10 Be core. Clearly the figures reveal that the GM-F values of σ R , on the average, are convincingly closer to the corresponding experimental values as compared to the values of GM-Z. The GM-F values are larger by 15% compared to their GM-Z counterparts and the difference between the two decreases with the increase in projectile energy. This is consistent with the earlier observations. Finally, we discuss the results for 15−21 O, 18−21 F, and 20,21 Ne low energy projectiles incident on natural Cu target (Figs. 18-20) . The corresponding experimental results [4] are included for comparison. Here also the measured σ R values have large error bars at many places; in addition, only one data point is available for all the cases except for that of 19 O which has two data points. Inspection of the figures again reveals the superiority of GM-F in reproducing the experiment. We refrain to make other finer remarks. 
V. SUMMARY AND CONCLUSIONS
A systematic study of the recently measured reaction cross sections at low projectile energies is presented within the structural framework of the Glauber model. The zero-range Glauber model in the optical limit (GM-Z) though adequate at high projectile energies is modified to include the finiterange and Coulomb effects, which become important at low energies. To supplement the GM-Z analysis at high energies, a finite-range Glauber model (GM-F) analysis has been carried out for recently measured reaction cross sections at low projectile energies for neutron-rich p and sd shell nuclei and the neutron-deficient isotopes of Ga, Ge, As, Se, and Br of the pf shell. The calculations proceed in two steps. In the first step, the ground state properties of the relevant nuclei are calculated using the relativistic mean field formulation. As expected, the RMF calculations give an excellent account of the ground state properties (binding energies, deformations, radii, densities, etc.) of the relevant nuclei. In the second step, the calculated (RMF) point target and projectile densities of both the neutrons and the protons are used in the Glauber model to compute the cross sections. Overall, the GM-F reproduces the experiment well.
